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Abstract

No pairwise intersecting 6-uniform family of fifteen cards has transversal number six. Degree bounds
force every symbol degree into {2,3,4}; a finite lemma on edge covers of K7 supplies the two hardest
degree exclusions; a weighted counting inequality reduces the possible degree histograms to thirteen;
and the thirteen are eliminated by incidence arguments. Hence ¢(6) > 16.

Every step is a hand argument: the K7 lemma has a one-page proof (§3), and the thirteen histograms
come from a short deficit count (§6). The scripts of §9 check the same statements independently.
[P2] reaches the same conclusion through its eleven-card lemma, one branch of which is a computer
search; this paper gives a route that does not need that search.

Not independently reviewed. No priority claimed. See the note at the end.

1. Setting

Let H be an indexed pairwise intersecting family of fifteen six-element cards with 7(H) = 6.
Repeated cards are allowed at the start, so that a smaller counterexample could be padded up to
fifteen without changing its transversal number; §2 shows repeats are impossible anyway, which is
what makes the padding legitimate.

For a symbol z, d(z) is its degree, the number of cards containing it. Once degrees are confined
to {2,3,4}, write ng, n3,ny4 for how many symbols have each degree, and set ¢ = ny. A symbol of
degree four is called high.

For a card A: ¢4 is the number of high symbols in A, and €4 the number of degree-two symbols.
Let a; count the cards with g4 = j.

A card with g4 = 2 is small; a card with g4 = 6 is full.

2. Degree bounds

Degree one is impossible. Delete the symbol from its only card. The other five symbols of
that card meet every other card, since every other card meets this one and cannot do so through a
symbol it does not contain. That is a five-cover.

Degree at least seven is impossible. Choose the symbol; at most eight cards remain; pair them
and take one shared symbol per pair. Total 1 +4 = 5.

Degree six is impossible. Choose the symbol z; nine cards remain. Suppose every symbol has
degree at most two among those nine. FEach of the (g) = 36 pairs needs a shared symbol, a symbol
of degree two serves exactly one pair, and the nine cards hold only 9 x 6 = 54 symbol slots, so at
most 54/2 = 27 pairs can be served. Since 27 < 36, some symbol y has degree at least three among
the nine. Then x and y cover at least nine cards, at most six remain, and three more symbols finish
them in pairs: 1 +1+ 3 =5.
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Lemma 1. Any pairwise intersecting 6-uniform family of ten cards with mazimum symbol degree at
most three has a four-cover.

Proof. Take a degree-three symbol and delete its three cards. If the remaining seven contain a
symbol of residual degree at least three, that symbol plus two pairwise- intersection symbols finish
the ten, for four in total. Otherwise every symbol of those seven has residual degree exactly two
and every pair of the seven meets in exactly one symbol: the seven cards are the vertices of a K7
and their 21 shared symbols are its edges. Each of the three deleted cards, with the chosen symbol
removed, induces an edge cover of that K7 of size at most five. Lemma 2 below gives a four-edge
cover meeting each of them, which is then a four-cover of all ten. [J]

Degree five is impossible. If d(z) = 5, the remaining ten cards cannot have a residual degree-four
symbol (choose it and pair the remaining six: 1+ 14 3 = 5). So their maximum degree is at most
three, Lemma 1 gives a four-cover, and with x that is five.

Hence every degree lies in {2,3,4}.

No card holds two degree-two symbols. Suppose card C holds degree-two symbols x and y,
appearing elsewhere in cards D, and D,. Any card other than C, D, D, must meet C, and it
cannot do so through x or y, so it meets one of the other four symbols of C'. Those four therefore
cover everything except possibly D, and D,. If those two are distinct they share a symbol; if
they coincide, take z. Either way one more symbol finishes, for a total of five. So €4 € {0,1} and
0<ny <T.

Local counts. Counting intersections of a card A with the other fourteen,

S JANB| =12+ qa—e4 > 14,
B#A

SO qA > 2+ £4, and in particular g4 € {2,3,4,5,6}. Subtracting fourteen,

Y (ANB[—1)=ga—ea—2<4.
B#£A

A repeated card would contribute 5 to that sum on its own, so repeats are impossible and the
padding convention is justified.

3. The finite K; lemma

Lemma 2. Given any four edge covers of K7, each of size at most five, there is a four-edge cover
of K7 meeting each of the four in an edge. Repetitions among the four inputs are allowed.

Write V for the seven vertices and 717, ..., Ty for the inputs. A four-edge cover of V is a vertex x, a
perfect matching M of V'\ {z}, and one more edge at z. Every T; has an edge at z, so it is enough
to find = and M such that M meets three of the T;: an edge of the fourth at x completes the cover.
Call such a pair (z, M) good and suppose there is none. Then:

(B) Ifi# j and e € T, f € T are disjoint, then each other T}, contains neither e nor f, nor an
edge inside the three vertices outside e U f.
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Indeed such an edge g makes (z, {e, f,g}) good, with x the remaining vertex. If instead e € T}, take
for g any edge on two of the three vertices outside e U f and for x the third: then {e, f, g} meets T;,
T; and T}. In particular no edge lies in three of the 7;.

Two-stars. A graph on seven vertices with at most five edges, no isolated vertex and no three
disjoint edges is two disjoint stars with five edges (K13 + Ki2 or Ki 4+ K3). Such a graph has at
least two components, since a connected graph on seven vertices has six edges. A component that is
not a star is either a triangle or contains a path with three edges. In the second case it has two
disjoint edges, and an edge of another component makes three. A triangle component leaves four
vertices, which need at least two more edges; with five edges in all these are two disjoint edges, and
again there are three disjoint edges. So all components are stars, ¢ of them with 7 — ¢ < 5 edges,
and three disjoint edges are absent only if ¢ = 2.

Case 1: no T; has three disjoint edges. Then each T; is a two-star. For a graph T" and a vertex x let
hr(z) be the number of the 15 perfect matchings of V' \ {z} that meet 7. An edge lies in three of
them and two disjoint edges in exactly one, and inclusion—exclusion gives:

o Kj 3+ Ki with centres a, b: h = 6 at a, 8 at each leaf of a, 9 at b and at each leaf of b; in all
57.
o Kj 4+ Ko with centre a and edge be: h = 3 at a, 9 at each leaf of @, 12 at b and at ¢; in all 63.

So > > hr(x) > 4-57 =228 > 7-30, and some z has > ; hr,(z) > 31. Then one of the 15
matchings of V'\ {x} meets three of the T;, which is a good pair.

Case 2: Th has three disjoint edges e1, ea, e3. Let x be the seventh vertex. For a vertex ¢ in e; write
q for the other end of es. Applying (B) to the pairs (xq,e;), t # s, gives:

(C) If zq € T}, j # 1, q € e, then each Ty, with k ¢ {1,j} avoids zq and the two e; with t # s, and
has no edge from q to those two e;.

Step 1. The edges of To, T3, Ty at x all go into one es. If not, there are two such edges into different
es that belong to different graphs: if both belong to one T}, an edge of another T}, at = goes into a
different es from one of them. After renaming, xq € T}, xr € T}, with j # k, ¢ € e1, € eg; let m be
the third index. By (C) for zq and for xr, T, has no edge from ¢ into ez U eg and avoids e, so
xq € Tyy; likewise a1 € T,,,. Now (C) for zq gives that T} has no edge from ¢ into ez U es, (C) for
a7 that Ty avoids e1, and (C) for zq that T} avoids zq. So ¢ is isolated in T}, which is impossible.

Rename so that s =1 and e; = pp, and put W = ey Ues. For j =2,3,4 let P; C {p,p} be the set
of neighbours of z in 7. By (C), T, T3, T, avoid ey and e3, and

(D) ifqe Pj and k ¢ {1,j}, then T}, has no edge from q into W.

Call an edge between es and eg a cross edge. For a cross edge h in some T,,, m # 1, (B) for the
pair (h,e;) gives:

(O) the other two of Ta, T3, Ty avoid h and the cross edge disjoint from h.

So in T, T3, Ty a vertex of W is joined only to p, to p, or by cross edges.

Step 2. If Py = P3 = Py = {p}, then by (D) no T} joins p to W, and xp ¢ Ty; so e lies in Ty, T3
and Ty, against (B). The same holds with p. So both p and p occur among P, P3, Py, and since
each P; is non-empty there are j # k with p € P; and p € Py; let m be the third index.

Step 3. By (D), T}, and T;, do not join p to W, and T} and T, do not join p to W. So T}, covers
W by cross edges alone, and contains a perfect matching h; = wiw}, ha = waw), of the 4-cycle of
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cross edges, where e = wiwy and e3 = wjwy. By (O), T; and T}, contain neither.

The roles of (p,j) and (p, k) are symmetric, so let zp € T,,,. By (D), T; does not join p to W
either, so it covers W by the cross edges hg = wiw), and hy = wow]. By (O), Ty avoids hs and hy
too. Since p € P;, (D) says T}, does not join p to W; so every vertex of W is joined to p in T}, in
particular pwy € Tj.

Finally T;,, covers p, not from W, so xp € T;;, or pp € T,,. In the first case pwy € T}, hy € T} and
xp € T), are disjoint, against (B). In the second e; € Ty N T, and hs € T are disjoint, against (B).
O

Computer check. It is enough to test inclusion-minimal inputs. A minimal edge cover is
a spanning star forest, and on seven vertices with at most five edges the component patterns
are (3,2,2), (5,2) and (4,3): 840 labelled minimal covers (315 of type P3 + 2K5, 105 of type
K4 + Ks, 420 of type Kj 3 + Kj2) and 315 four-edge covers. code/verify_k7.py fixes one
representative of each type as the first input and certifies every choice of the remaining three,
294,239,817 quadruples with no counterexample. The values of h used in Case 1 are checked by
code/verify_pl_hand_steps.py. The lemma is also proved in Lean 4 (1lean/K7.lean, theorem
k7_lemma): the tactic bv_decide reduces it to SAT and checks the solver’s certificate with a checker
verified in Lean; see lean/README.md for what this trusts.

4. High symbols and overlap excess
Lemma 3. FEvery two high symbols occur together in at least one card.

Proof. Suppose high symbols z, y have disjoint supports; delete their eight cards. If the remaining
seven hold a symbol of residual degree at least three, then x, y, that symbol and two pairwise-
intersection symbols give a five-cover. Otherwise the seven carry the K7 structure of Lemma 1.
Each of the four cards containing y, with y removed, induces an edge cover of that K7 of size at
most five. Lemma 2 gives a four-edge cover meeting all four; those four symbols cover the seven
residual cards (they are an edge cover) and also the four cards of y (each is met in an edge). With
x that is a five-cover. [J

For high symbols x,y let Az, be the number of cards holding both. Lemma 3 gives Az, > 1; and
Azy = 4 would make the supports identical, allowing one of the two to be deleted from a card and
leaving a five-cover, so 1 < Agy < 3.

Define the total excess
qa 13
<y A
Since a high symbol meets every other high symbol,

Sga-1)=t—1. (P)

A3z

5. The weighted repetition inequality

Inside a card A, build a graph on its g4 high symbols, joining a pair when A > 2. Let r4 be its
number of edges and
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wpy = Z (Azy — 1).

{z,y}CA

That graph has no independent four-set: four high symbols with no repeated meeting cover exactly
1+44-3 =13 cards, and one shared symbol covers the remaining two, which is a five-cover. A graph
on g vertices with r edges has an independent set of size at least ¢ — r, so

r4 > max(gq — 3,0), WA > TA.

For a full card every symbol is high, so wa = > g4 (‘ASB‘) > Y pza(|AN Bl = 1) = 4, giving
wa + 2ra > 10 there. A pair with A = 2 contributes 6 to Y. 4(wa + 2r4) and a pair with A = 3
contributes 12, so

Ge = (wa+2ra) > 3(as + 2as + 3a6) +ag. (W)
A

Equivalently, in the a; alone,

t
6as + 18a3 + 33a4 + 5das + 80ag > 6 <2> ) (S)

Equality structure, used in §7. If (W) is tight then every full card has r4 = 3 and wy = 4; its
three repeated pairs form a perfect matching, since two edges sharing an endpoint would leave a
vertex cover of size two and hence an independent four-set; and exactly one of those three pairs has
A = 3. Every g4 =5 card then has r4 = w4 = 2, and cards with g4 € {2,3} have r4 = w4 = 0. So
in the equality cases a A = 3 pair occurs only inside full cards.

6. The thirteen histograms
The necessary numerical conditions are

e a2+ a3+ a4+ as + ag = 15;

. Zj Jjaj = 4t;

e 2n9 + 3nz + 4t = 90 with 0 < ny < 7 and ng > 0;

o asz+ag+as > 2ngy, because each of the 2ny cards holding a degree-two symbol has g4 € {3,4,5};
o inequality (S).

They leave thirteen rows. By hand: put cy = g4 —2 € {0,...,4}, so >4 ca = 4t — 30. Card by
card, the left side of (S) is > 4(6 + 18.5c4 — d(ca)), where the deficit 6(ca) is 0,6.5,10,7.5,0 for
ca=0,1,2,3,4. So (S) says

> 6(ca) < B(t) = —3t* 4+ 77t — 465.
A

Call a card middle if g4 € {3,4,5}. Only middle cards have positive deficit, at least 6.5 each, and
the other cards have c4 € {0,4}, so the values of c4 on the middle cards add up to 4t — 30 = 2
(mod 4).
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e B(t) <0fort<9andt>16, and B(10) =5 leaves no middle card, against the congruence.
For ¢t = 11,...,15, B = 19,27, 29, 25, 15.

e Modulo 3, 2no = 90 — 4¢t. At t = 11 and t = 14 this forces ng > 2, hence at least four middle
cards and deficit at least 26 > B. At t = 12 and ¢t = 15 it gives ng € {0,3,6}, and ng > 3
would need six middle cards (deficit at least 39), so ng = 0. At t = 13 it gives ny = 1, since
ng > 4 needs eight middle cards (deficit at least 52).

o The multisets of values ¢4 on the middle cards with sum = 2 (mod 4) and deficit at most 29
are {2} (10), {1,1} (13), {3,3} (15), {1,2,3} (24), {1,1,1,3} (27) and {1,3,3,3} (29); any
other has deficit at least 30.

o The middle cards fix the histogram: (4¢ — 30 — >" ¢middle)/4 cards are full and the rest have
qa = 2. At t = 15 the first three multisets are allowed, at ¢ = 12 the first five, and at ¢t = 13
(at least two middle cards) the five from {1, 1} on.

This gives the thirteen rows below. code/verify_histograms.py enumerates the same conditions
directly, with no assumed bound on ¢ or as, and code/verify_pl_hand_steps.py checks that the
count above reproduces its list.

(n2,n3,n4) (az,as,as,as,ap)
(0, 10, 15) (6,2,0,0,7)
(0, 10, 15) (7,0,0, 2, 6)
(0, 10, 15) (7,0,1,0,7)
(1,12, 13) (7,3,0,1,4)
(1,12,13) (8,1,0,3,3)
(1,12, 13) (8,1,1,1,4)
(1,12, 13) (8,2,0,0,5)
(1,12, 13) (9,0,0, 2, 4)
(0,14, 12) (8,3,0,1,3)
(0,14,12) (9,1,1,1,3)
(0, 14, 12) (9,2,0,0, 4)
(0, 14, 12) (10,0, 0, 2, 3)
(0, 14, 12) (10,0, 1,0, 4)

Passing these conditions is necessary, not sufficient: none of the thirteen is claimed to be realizable.

7. Eliminating the thirteen

Throughout, (P) is the tool: a high symbol in two small cards has at most 1 + 145+ 5 = 12 high
meetings, so at ¢ = 15 (which needs 14) it cannot occur in two small cards at all.

t=15

(6, 2, 0, 0, 7). Twelve high symbols lie in small cards and three do not. A high symbol in a
q = 3 card cannot also lie in a small card, since 1 +2+5+5 = 13 < 14. So both ¢ = 3 cards
contain exactly the same three absent high symbols. Their intersection then has size at least three,
contributing at least two to the local excess, while a ¢ = 3 card has excess exactly one.
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(7,0, 1, 0, 7). Fourteen high symbols lie in small cards and one does not. A high symbol lying in
both the ¢ = 4 card and a small card has at most 1 4+ 3 + 5 + 5 = 14 high meetings, so it has no
repeated partner. At least three of the four high symbols of the ¢ = 4 card are of that kind, so its
repeated-pair graph has no edge, contradicting r4 > 1.

(7, 0,0, 2, 6). Here e = 12 and (W) is tight. Each of the six full cards carries exactly one A = 3
pair and such pairs occur only in full cards, so there are exactly two of them, each on three full
cards. The three full cards on a fixed A = 3 pair {z,y} meet pairwise exactly in that pair — a
third common symbol would make a triangle in a graph that must be a matching — so their union
holds 14 high symbols. If x also lies in a small card {z, z, ...} then z lies outside that union, and its
high-meeting total 54+ 545+ 1 = 16 has exactly two surplus meetings, both already used by y. If y
also lies in a small card, its partner there must be that same unique outside symbol, which would
put that symbol in two small cards. So every A = 3 pair contains the unique high symbol absent
from all seven small cards. Both pairs would then share that symbol; their triples of full cards are
disjoint, because a full card’s repeated pairs form a matching; and the shared symbol would lie in
six cards, contradicting degree four.

t=13

First, ap < 7. By (P) a high symbol in two small cards has its other two appearances in full cards,
since 1 +1 44+ 5 =11 < 12; hence a high symbol in a card that is neither full nor small lies in at
most one small card. The unique degree-two symbol lies in two cards with ¢ = k € {3,4,5} and in
no small card. Such a card meets at most k 4+ 2(5 — k) = 10 — k < 7 small cards. So ag < 7, which
removes the four rows with ay € {8,9}.

(7, 3,0, 1, 4). Let h count high symbols lying in two small cards. The numbers lying in two, one
and zero small cards are h, 14 —2h, h — 1. A double-small high symbol has exactly 1+1+545 = 12
high meetings, so no repeated partner, and its two full cards meet only in it.

For a full card write b; for the number of its high symbols lying in ¢ small cards. It meets each of the
seven small cards exactly once, so 2bs + by = 7, and by + by + bg = 6, hence by = bg + 1. Summing
over the four full cards, the zero-small high symbols have 2h — 4 appearances in full cards. Each
zero-small high symbol must appear in some full card, since without one its meeting total is at most
24+24+2+4=10<12. Hence 2h —4 > h — 1, i.e. h > 3.

The h double-small symbols mark distinct pairs of full cards, each marked intersection having size
one. If h > 5 then five of the six pairs have intersection one and the last at most five, so the pairwise
intersections sum to at most 10; but four sets of size six inside thirteen symbols force that sum to
be at least 24 — 13 = 11. So h € {3,4}.

A zero-small high symbol lying in one full card must also lie in the ¢ = 5 card F' and in two of the
three ¢ = 3 cards; its meeting total is 5 4+ 4 + 2 + 2 = 13, allowing exactly one repeat.

Case h = 3. Two zero-small symbols u, v, each in exactly one full card, both in F' and each in two
of the three ¢ = 3 cards, so they share F' and at least one ¢ = 3 card: that uses the single repeat
each is allowed. So they lie in different full cards and repeat nothing else. The three marked pairs
give the four full cards degrees 1,2,2,1, a path A — B— C — D, with v € B and v € C. The eight
single-small high symbols have 16 appearances in full cards, and none can lie in three full cards,
since every triple of {A, B, C, D} contains a marked pair; so each lies in exactly two. The allowed
pairs AC, AD, BD then carry 3,2,3 of them. But F' holds u,v and three further high symbols,
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which cannot be double-small and cannot lie in B or C' without repeating a meeting with u or v;
they would all have to come from the AD group, which has two members.

Case h = 4. Two pairs of full cards are unmarked. Their excess over one must total at least five,
since the pairwise intersections sum to at least 11; and they cannot share a full card, whose total
intersection excess with all others is only four. So they are disjoint, say AB and CD, and the
marked pairs form a four-cycle. Fach full card then holds two double-small symbols, one zero-small
symbol and three single-small symbols. There are three zero-small symbols with four full-card
appearances, so one, w, lies in A and B, and the others u, v lie in C' and D respectively. The six
single-small symbols cannot lie in three full cards and have twelve appearances, so each lies in two:
three shared by A, B and three by C, D. Thus w already repeats meetings with three symbols. If
its other two cards were both ¢ = 3, its meeting total would be 5+ 5 + 2 + 2 = 14, allowing only
two surplus meetings. So w lies in F' and one ¢ = 3 card. But v and v each lie in F' and in two of
the three ¢ = 3 cards, and each has used its single allowed repeat on the other; their ¢ = 3 supports
overlap in exactly one card and together cover all three. So whichever ¢ = 3 card holds w also holds
u or v, repeating that meeting on top of the u, v repeat.

t=12
A high symbol in a ¢ = 3 or ¢ = 4 card cannot lie in two small cards, since 1 +1+3+5 =10 < 11.

(9,1,1,1,3) and (10, 0, 1, 0, 4). The ¢ = 4 card holds four high symbols, each in at most one
small card, and two degree-three symbols, each in at most two; so it meets at most 4 +2-2 =38
small cards, fewer than the nine or ten required.

(9,2,0,0,4). A g=3card meets at most 3+3-2 = 9 small cards, so equality is forced everywhere.
The two g = 3 cards cannot share a degree-three symbol (not enough remaining appearances) nor a
high symbol (its meeting total would be at most 1 +2+2+5 =10 < 11), so they would be disjoint.

(10, 0, 0, 2, 3). Each g = 5 card must hold at least three double-small high symbols to meet
all ten small cards; otherwise its five high symbols and one degree-three symbol reach at most
542+ 2 =9. Each double-small high symbol in it has its fourth appearance in a full card and
meeting total 1+ 1+ 445 = 11, so that full card meets the ¢ = 5 card only in it. With three full
cards there are exactly three such symbols, one per full card; the other two high symbols lie in
one small card each and the degree-three symbol in two. The two ¢ = 5 cards cannot share their
degree-three symbol or a double-small symbol, and a shared single-small high symbol would add a
second symbol to an intersection already forced to be a singleton. So they would be disjoint.

(8, 3,0, 1, 3). Here e = 6 and (W) is tight, so each full card has a repeated-pair matching of size
three with exactly one A = 3 pair, and non-full cards hold no A = 3 pair. So there is exactly one
such pair, shared by all three full cards. As in t = 15, two full cards cannot share a third symbol, so
their union holds 2 4+ 3 - 4 = 14 high symbols, while only twelve exist.

8. Conclusion

Theorem 1. No pairwise intersecting 6-uniform family of fifteen cards has transversal number siz.
Since repeats were shown impossible after padding was allowed, the same holds for every family of
at most fifteen cards. Hence g(6) > 16.

9. Verification
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claim script

Lemma 2, all 294,239,817 quadruples code/verify_k7.py

Lemma 2 in Lean 4 lean/K7.lean

the values of h in §3 and the deficit count of §6 code/verify_pl_hand_steps.py
the thirteen histograms code/verify_histograms.py

The proofs of §3 and §6 are hand arguments; the scripts check the same statements independently.
The eliminations of §7 are hand arguments and are not machine-checked.

This work was prepared with AI assistance (ChatGPT, OpenAl; Claude, Anthropic), used for algebraic
derivation, for drafting and rewriting code and text, for running and re-running the computations,
and for auditing the papers against their own scripts. The same tools were used in the review, so
the review carries the same caveat. All statements were checked by the author, who is responsible
for them. No priority is claimed and the result has not been independently reviewed by a human or
a proof assistant; the repository README sets out the division of labour and the open obligations
i full.
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